Particle distributions in squeezed states, even and odd coherent states are given in terms of multivariable Hermite polynomials. The Q-function and Wigner function for nonclassical field states are discussed.
Introduction
The aim of the talk is to give a review of such nonclassical states of light as squeezed states [1] , [2] , correlated states [3] , even and odd coherent states [4] (Schrödinger cat states [5] ), squeezed Schrödinger cat states [6] . First we discuss the photon distribution function for the generalized correlated states [7] of multimode light. For finding solutions of Schrödinger equation with time-dependent Hamiltonians which are generic quadratic forms in position and momentum operators the integrals of motion which are linear forms have been constructed in Refs. [8] , [9] and [10] . Such integrals of motion have been analyzed and applied to general problems of quantum mechanics and statistics in Refs. [11] , [12] .
The nonstationary Hamiltonians are appropriate models for the physical conditions in which nonclassical states of fields (photons, phonons, pions, etc.) may be created. Following [13] we will give the result for photon distribution function of generic mixed squeezed and correlated Gaussian state. Initially the state is taken to be standard coherent one (partial case of such state is photon vacuum) and, for example, due to nonstationary Casimir effect it becomes multimode mixed correlated state.
Multimode Hermite Polynomials and Mixed Correlated Light
The most general mixed squeezed state of the N-mode light with a Gaussian density operator̺ is described by the Wigner function W (p, q) of the generic Gaussian form,
where 2N-dimensional vector Q = (p, q) consists of N components p 1 , . . . , p N and N components q 1 , . . . , q N , operatorsp andq being the quadrature components of the photon creationâ † and annihilationâ operators (we use dimensionless variables and assumeh = 1):p
2N parameters < p i > and < q i >, i = 1, 2, . . . , N, combined into vector < Q>, are the average values of the quadratures,
A real symmetric dispersion matrix M consists of 2N 2 +N variances
They obey certain constraints, which are nothing but the generalized uncertainty relations [12] . The photon distribution function of this state
where the state |n > is photon number state, which was calculated in [13] , and it is
The function H {R} nn (y) is multidimensional Hermite polynomial. The probability to have no photons is
where we introduced the matrix
and the matrix
The argument of Hermite polynomial is
and the 2N-dimensional unitary matrix
is introduced, in which I N is the N×N identity matrix. Also we use the notation
The mean photon number for j-th mode is expressed in terms of photon quadrature means and dispersions
We introduce a complex 2N-vector B = (β 1 , β 2 , . . . , β N , β * 1 , β * 2 , . . . , β * N ). Then the Q-function [14] is the diagonal matrix element of the density operator in the coherent state basis | β 1 , β 2 , . . . , β N > . This function is the generating function for the matrix elements of the density operator in the Fock basis |n> which has been calculated in [15] . In notations corresponding to the Wigner function (1) the Q-function is
Thus, if the Wigner function (1) is given one has the Q-function. Also, if one has the Q-function (13), i. e. the matrix R and the vector y, the Wigner function may be obtained due to the relations
For pure squeezed and correlated state with the wave function
where
the symmetric 2N×2N-matrix R determining Q-function has the block-diagonal form
The N×N-matrix r is expressed in terms of symmetric matrix m r
and the 2N-vector y = (Y, Y * ) is given by the relation
The corresponding blocks of the dispersion matrix
The probability to have no photons is
The multivariable Hermite polynomials describe the photon distribution function for the multimode mixed and pure correlated light [13] , [16] , [17] .The nonclassical state of the light may be created due to nonstationary Casimir effect [18] , and the Husimi oscillator is the model to describe the behaviour of the squeezed and correlated photons.
We define the multimode even and odd coherent states (Schrödinger cat male states and Schrödinger cat female states, respectively) as [19] 
where the multimode coherent state | A > is
and the multimode coherent state is created from multimode vacuum state | 0 > by the multimode displacement operator D(A). The definition of multimode even and odd coherent states is the obvious generalization of the one-mode even and odd coherent state given in [4] , [11] . The normalization constants for multimode even and odd coherent states become
where A = ( α 1 , α 2 , . . . , α n ) is a complex vector and its modulus is
Such multimode even and odd coherent states can be decomposed into multimode number states as
where | n >= | n 1 , n 2 , . . . , n n > is the multimode number state. Also from Eq. (23), we can derive an important relation for the multimode even and odd coherent states, namely,
The probability of finding n photons in multimode even and odd coherent states can be worked out with the help of Eq. (27)
Multimode coherent states are the product of independent coherent states of each mode, and photon distribution function is the product of independent Poissonian distribution functions. But in the present case of multimode even and odd coherent states we cannot factorize their multimode photon distribution functions due to the presence of the nonfactorizable cosh | A | 2 and sinh | A | 2 . This fact implies the phenomenon of statistical dependences of different modes of these states on each other.
In order to describe the properties of the distribution functions from Eq. (29) we will calculate the symmetric 2N×2N dispersion matrix for multimode field quadrature components. For even and odd coherent states we have
and complex conjugate values of the above equation for < A ± | a † i a † k | A ± >. Since the quantity < A ± | a i | A ± > is equal to zero the above equation gives two N×N blocks of the dispersion matrix. For other two N×N blocks of this matrix we have for the multimode even coherent states
and for multimode odd coherent states
For the dispersion matrix, the mean values of the photon numbers n i = a † i a i for multimode even and odd coherent states are the following
Taking into account the above equation the symmetric N×N dispersion matrices for photon number operators can be obtained from the above given distribution functions for multimode even and odd coherent states. By defining
the corresponding expressions in such states are
As the nondiagonal matrix elements of the dispersion density matrix are not equal to zero so we can predict that different modes of these states are correlated with each other. In other words, as we have mentioned before, there exist some statistical dependences of different modes on each other. Another interesting property for the multimode even and odd coherent states is the Q-function, and it can be obtained in the following manner. First of all the density matrices for the multimode even and odd coherent states are
then the Q-function can be calculated as
where | B >=| β 1 , β 2 , . . . , β n > is another multimode coherent state with multimode eigenvalue B = (β 1 , β 2 , . . . , β n ). We call these functions for even and odd coherent states as the Q-functions for the Schrödinger cat states. The Q-function for singlemode odd coherent state shows the crater type behaviour for small values of the quantity | α | and for its larger values the Q-function begins to split into two peaks in a similar manner as in case of even coherent states [19] . The Wigner function for the multimode coherent states is [12] 
For even and odd coherent states the Wigner function is
where the explicit forms of N ± are given in Eq. (25). For multimode case we use the following notations
The photon distribution function gives the probability of finding 2k photons for two-mode even coherent state, and is defined as
where 2k = n 1 + n 2 , for both n 1 and n 2 to be even or odd numbers. Similarly for two-mode odd coherent state it gives the probability of finding 2k+1 photons
For this case, n 1 is even and n 2 is odd number, or vice versa. For single-mode case the photon distribution functions demonstrate super and sub-Poissonian properties for even and odd coherent states, respectively. The same conclusions may be drawn for two-mode (and multimode) even and odd coherent states.
Some Relations for Wigner and Q-functions
The Wigner function of a system W (p, q) = W (Q) is expressed in terms of density matrix in coordinate representation as (see, for example, [12] )
The inverse transform is
The Q-function is expressed in terms of the Wigner function through the 3N-dimensional integral transform
with the kernel
where the 2N-vector X = (x, x ′ ) is introduced. If one has the Q-function the Wigner function is given by the integral transform
where the argument of the Q-function B is replaced by the 2N-vector with complex components B = ( β 1 , β 2 , . . . , β N , γ * 1 , γ * 2 , . . . , γ * N ), and the kernel has the form
The density matrix in coordinate representation is related to the Q-function
where the kernel of the transform is
The evolution of the Wigner function and Q-function for systems with quadratic Hamiltonians for any state is given by the following prescription. Given the Wigner function W (p, q, t = 0) for the initial time t = 0. Then the Wigner function for the time t is obtained by the replacement
where the time-dependent arguments are the linear integrals of motion of the quadratic system found in [20] , [12] . The same ansatz is used for the Q-function. Namely, given the Q-function of the quadratic system Q(B, (t = 0)) for the initial time t = 0. Then the Q-function for the time t is given by the replacement
where the 2N-vector B(t) is the integral of motion linear in annihilation and creation operators found in [20] , [12] . This ansatz follows from the statement that the density operator of the Hamiltonian system is the integral of motion, and its matrix elements in any basis must depend on the appropriate integrals of motion. In particular, the Wigner function and Q-function depend just on the linear invariants found in [20] , [12] .
Multivariable Hermite Polynomials
For parametric forced oscillator the transition amplitude between its energy levels has been calculated as overlap integral of two generic Hermite polynomials with a Gaussian function (Frank-Condon factor) and expressed in terms of Hermite polynomials of two variables [8] . For N-mode parametric oscillator the analogous amplitude has been expressed in terms of Hermite polynomials of 2N variables, i. e. the overlap integral of two generic Hermite polynomials of N variables with a Gaussian function (Frank-Condon factor for a polyatomic molecule) has been evaluated in [20] . The corresponding result uses the formula
where the symmetric 2N×2N-matrix
with N×N-blocks R 1 , R 2 , R 12 is expressed in terms of symmetric N×N-matrices R, r, m and N×N-matrix Λ in the form
Here the matrix Λ is transposed matrix Λ and R 12 is transposed matrix R 12 . The 2N-vector y is expressed in terms of N-vectors c and d in the form
where the N-vectors y 1 and y 2 are
For matrices R = 2, r = 2 the above formula (52) yields
with N×N-blocks R 1 , R 2 , R 12 expressed in terms of N×N-matrices m and Λ in the form and 2N-vector k has the components k = (n S , n 2N −S ) = ( n 1 , . . . , n S , n S+1 , . . . , n 2N ).
The partial case of this relation is the relation for the Hermite polynomials with the matrix R with complex conjugate blocks R 1 = r, R 2 = r * , and complex conjugate vector-components y 1 = y * 2
The calculated integrals are important to evaluate the Green function or density matrix for the systems with quadratic Hamiltonians. The partial cases of multivariable Hermite polynomials determine some other special functions [16] , [17] .
